The stability of interstitial defect and dislocation structures in bcc Fe as a function of temperature is believed to play a crucial role in determining defect evolution under irradiation conditions. The vibrational properties of defects constitute one contribution to the corresponding energetics and much work has been done within the harmonic approximation to determine the vibrational formation free energy and formation entropy of such defects. Defects can however exhibit strong local strain fields that break the cubic symmetry of the bcc lattice leading to large anharmonicities and a breakdown of the harmonic approximation as an accurate means to calculate vibrational thermodynamic quantities. Moreover, if defect diffusion is active at a time scale comparable to an atomic vibration, strong anharmonicities will always be present at any finite temperature. The current work investigates the vibrational free energy and entropy of the ͗110͘ self-interstitial dumbbell defect in bcc Fe using both harmonic and anharmonic free-energy calculation methods for a range of modern empirical potentials. It is found that depending on the empirical potential and for temperatures where diffusion is limited, the harmonic approximation is justified especially for empirical potentials that have been fitted to third-order elastic constants. The unique applicability range of such calculations for bcc Fe is also discussed given that with rising temperature spin fluctuations become increasingly important ultimately leading to a softening of the 110 shear modulus and to the ␣-bcc/ ␥-bcc structural phase transformation.
I. INTRODUCTION
In recent years there has been considerable activity within the radiation damage community to develop reliable and transferable empirical potentials for bcc Fe. This has been partly made possible by the availability of ab initiocalculated interstitial defect energies where, unique to bcc Fe, it is the ͗110͘ dumbbell interstitial defect that has the lowest energy. [1] [2] [3] The embedded atom method ͑EAM͒ potentials of Mendelev 4, 5 have been directly fitted to this data and more recently also the magnetic potential ͑MP͒, 6, 7 which explicitly takes into account the 0 K ferromagnetic aspect of bcc Fe. When using these potentials, defect statistics derived from multiple primary damage state cascade simulations appear to converge with respect to the total number of Frenkel Pairs produced. 8 However, some discrepancies still persist regarding the total number of clusters of point defects, indicating differences between the empirical potentials that cannot be controlled via knowledge of only the single interstitial defect energies. The static and dynamic properties of such complex defect structures are thus of increasing interest where detailed studies of vacancy and interstitial loop energetics and mobility, [9] [10] [11] as well as defect cluster interaction, 12 have been undertaken.
The vibrational properties of defects gives information about how a defect behaves at a finite temperature within a molecular-dynamics simulation and can be used to investigate the stability of defects through a comparison of the formation free energies. These vibrational properties are generally calculated within the harmonic approximation 13 to the crystal potential enabling a straightforward determination of thermodynamic quantities such as the vibrational free energy, entropy, and heat capacity. Moreover, through an analysis of the low-frequency modes, information can be gained at possible transition pathways for structural migration or transformation of defects. Work of this nature has been done to investigate the relative stability as a function of temperature of ͗110͘ and ͗111͘ single interstitials 14 as well as small clusters of interstitials forming either glissile prismatic loops 14 or socalled "self-trapped" sessile structures. 15 Work comparing the harmonic vibrational properties of vacancies with single interstitial and small interstitial loops for the abovementioned empirical potentials has however revealed a wide spread in the defect formation entropies and therefore the temperature behavior of the corresponding formation free energies.
14 A recent ab initio calculation of the harmonic vibrational properties of the ͗110͘ and ͗111͘ dumbbell interstitials in bcc Fe ͑Ref. 16͒ now provides additional data through which a quantitative assessment of an empirical potential can be made.
It is however unclear to what extent the harmonic term contributes to the total free energy of the defect. For a perfect lattice containing inversion symmetry, third-order anharmonic contributions are expected to cancel at low temperatures and it is only at the fourth order that anharmonic contributions will begin to be present. At higher temperatures, where the atomic vibrations increasingly deviate away from the perfect lattice configuration, a non-negligble anharmonic contribution to the vibrational entropy and corresponding free energy will increasingly occur. 17 For the case of interstitials, which break the lattice symmetry at and around the core of the defect and also involve large local compressive strains, little knowledge exists about the magnitude of the anharmonic contribution to the free energy. Additionally, the harmonic approach to estimating the free energy becomes problematic when defect diffusion occurs at a time scale comparable to the characteristic vibrational period of the defect. In this regime, where a diffusion event ͑a so-called lattice "hop"͒ may no longer be considered a rare event, the defect cannot reach local thermal equilibrium before the next migration and the concept of a harmonic ground state becomes meaningless.
When this occurs, the usual transition state theory model of diffusion is no longer applicable and more general manyatom models that model the nonlinear dynamics of a defect must be considered such as the Frenkel-Kontorova model 18 which has been recently applied to understand the mobility of ͗111͘ crowdion single interstitial defects in nonmagnetic group 5B and 6B bcc transition metals. 19 The main goal of this paper is to investigate the anharmonic contribution to the total formation free energy of the single ͗110͘ dumbbell interstitial by comparing the usual harmonic result with the anharmonic free energy obtained using a thermodynamic integration technique. This is done for the two well-known EAM Mendelev Fe potentials ͓Mendelev-2003 ͑Ref. 4͒ and Mendelev-2004 ͑Ref. 5͔͒ and the published MP ͑MP-CS2͒ ͑Ref. 7͒, and also for two unpublished MPs ͑MP-CS3-00 and MP-CS3-30͒ that are additionally fitted to experimental low-temperature third-order elastic stiffness constants and are also able to reproduce correctly the nondegenerate core structure of the 1 2 ͗111͘ perfect screw dislocation as do the Mendelev potentials but not the MP-CS2 potential. These new MPs arise from a considerable fitting effort in which an expanded materials database of both experimental and ab initio defect data has been exploited with the aim of producing a more accurate empirical potential for the radiation damage community. The Appendix contains their corresponding parametrization and a brief explanation of the MP, however, the full details of these potentials as well as the unique fitting strategy will be published separately. 20 These empirical potentials are included in the present work since by fitting to higher-order elastic constants, experimental anharmonic information is now included within their parametrization.
It is found that total formation entropies of the potentials presently considered fall within a bandwidth of ϳ6k B , whereas the calculated harmonic formation free energies fall within a bandwidth of ϳ30k B . It is seen that for the case of the Mendelev potentials and the newer MP fits, the harmonic approximation is able to estimate well the total free energy when calculating the vibrational free energy of the ͗110͘ dumbbell interstitial, particularly in the latter case where the new MPs are found to be strongly harmonic. In Sec. II, the harmonic and anharmonic computational methods are outlined and in Sec. III the harmonic and anharmonic free energies are presented and their temperature dependences rationalized via a study of the defect's corresponding vibrational formation entropy. In Sec. IV the results are discussed in terms of studying more complex defect structures and assessed in light of the fact that for bcc Fe at finite temperatures, magnetic fluctuations also contribute to the total free energy of the defect structure.
II. COMPUTATIONAL METHODS

A. Harmonic approximation to the free energy
The most popular method to calculate vibrational free energy of a particular atomic configuration is based on the harmonic approximation. 13 Within this approximation, the potential energy function E͑R ជ 1 , ... ,R ៝ N ͒ of a periodic system of N atoms is expanded to the second order near a local minima obtained either by conjugate gradient or molecular statics structural relaxation methods. This local minimum defines the zero-temperature ground-state structure of the atomic configuration. Let the atomic coordinates of this local minima be given by R ៝ 1 0 , ... ,R ៝ N 0 and let u ជ 1 , ... ,u ជ N be small displacements of the atoms away from this local minima. Then we have
where , = x , y , z refer to the Cartesian coordinate ͑polar-ization͒ directions, i , j =1, ... ,N are the atomic indices, and
͒ is the local energy minima. The translationally invariant force matrix is given by 21 
D ij
where ⌳ is the Hessian matrix of rank 3N defined by
͑3͒
The classical vibrational free energy within the harmonic approximation is then given by 17 
F͑T,N͒
where n = ͱ d n M , n =1, ... ,3N are the vibrational frequencies of the system calculated from the eigenvalues d n of the force matrix D . The sum in Eq. ͑4͒ excludes the zero-frequency translational modes and thus spans the positive 3N − 3 frequencies. Here M is the mass of an Fe atom, ប is the Planck's constant, and k B is the Boltzmann's constant.
The local atomic vibrational free energy is given by
where U i,n is the projection onto atom i of the eigenvector associated with the nth eigenvalue along the direction , that is, ⌳ Ũ n = d n Ũ n . Note that due to the orthonormality of the eigenvectors Ũ n , F͑T ,
͑T , N͒. The use of local atomic values of the vibrational free energy can give insight to the microscopic origin of the bulk value F͑T , N͒, particularly when defect structures are considered. It is however the bulk value which is the physically meaningful quantity. When considering either a perfect lattice or a defect structure, the corresponding atomic configuration is relaxed at a particular volume to obtain the force matrix. The chosen volume can be the 0 K equilibrium value or a value obtained from zero-pressure finite-temperature dynamical simulations. Performing a harmonic expansion at the chosen volume will result in the vibrational frequencies depending implicitly on that volume-this approach is referred to as the quasiharmonic approximation. 21, 22 In what follows, the harmonic free energy will refer to a harmonic expansion at the 0 K equilibrium volume whose temperature dependence arises explicitly via Eq. ͑4͒. On the other hand, a quasiharmonic free energy at a given temperature T arises from a harmonic expansion at a volume obtained from zero-pressure dynamical simulations performed at temperature T where Eq. ͑4͒ is evaluated only at T.
B. Estimation of the anharmonic contribution to the free energy: The Frenkel-Ladd method
The free energy of a system is defined entirely by its Hamiltonian, H 1 = H 1 ͓͑r ជ i , p ជ i ͔͒ and cannot be expressed as a simple ensemble average such as can be done for internal energy, heat capacity, and stress. However by constructing the Hamiltonian
where
͔͒ is a reference Hamiltonian, the difference in free energy can be expressed in terms of a thermodynamic integration over an ensemble average 23 with respect to H͑͒
in which, Z is the corresponding partition function of
can then be used to determine the total free energy F 1 of an N atom configuration by choosing a H 0 = H 0 ͓͑r ជ i , p ជ i ͔͒, for which F 0 is known, and calculating ͗H 1 − H 0 ͘ either via a molecular dynamics or an ensemble Monte Carlo ͑MC͒ simulation. In the present work we employ as a reference Hamiltonian, H 0 ; the harmonic expansion around a local minima ͓Eq. ͑1͒ in the previous section͔ and use the Monte Carlo numerical technique to determine the ensemble average. In this way, Monte Carlo simulations will yield F 1 − F 0 via Eq. ͑7͒, which is the anharmonic contribution to the free energy. Adding the harmonic contribution ͓Eq. ͑4͔͒ to this then gives the total free energy of the atomic system.
III. RESULTS
A. Formation free energy of the Š110‹ interstitial dumbbell
The formation free energy of a point defect at temperature T is defined as
where F DB ͑T , N +1͒ and F bcc ͑T , N͒ are, respectively, the absolute free energy of the periodic supercell containing N +1 atoms including the single interstitial and of the perfect bcc periodic supercell containing N atoms. The formation free energy may depend sensitively on whether the two supercells have the same volume, the same volume per atom, or the same pressure.
In the present section the free energy of the ͗110͘ dumbbell is calculated using the harmonic, the quasiharmonic, and the thermodynamic integration methods. For all cases a periodic simulation cell consisting of 2001 atoms for the interstitial configuration and 2000 atoms for the bcc reference lattice is employed to ensure minimal supercell size effects. For the harmonic calculation we relax the ͗110͘ dumbbell configuration using molecular statics in a simulation cell that has a fixed volume per atom equal to that of the 0 K equilibrium bcc volume per atom. For the quasiharmonic calculation, the ͗110͘ dumbbell is further relaxed at fixed volumes per atom corresponding to the 300, 400, 500, and 600 K equilibrium bcc volume per atom obtained from zero pressure molecular-dynamics simulations using the ParrinelloRahman barostat method. 24 Table I shows the temperaturedependent equilibrium bcc cohesive energies and volumes for the empirical potentials used and we see that for the case of the MP-CS2 potential thermal contraction rather than thermal expansion occurs for the considered temperature range. Table I also displays the relaxed defect formation energies of the ͗110͘ dumbbell interstitial at these temperatures and corresponding fixed volumes per atom. For all empirical potentials a decrease in the relaxed formation energies occurs with decreasing temperature.
For the thermodynamic integration free-energy calculation, these fixed volumes per atom configurations are used in constant volume ensemble MC simulations at the corresponding temperatures to determine ͗H 1 − H 0 ͘ for = 0.00, 0.05, 0.1, . . . , 0.95, 1.00 using the Frenkel-Ladd method outlined in the previous section. To obtain a high level of precision the ensemble averages are performed using ϳ10 8 accepted Monte Carlo steps. Each trial Monte Carlo step involved a randomly chosen atom being randomly displaced by a maximum distance of 0.1 Å. We note that by keeping the volume fixed the present calculations do not consider free-energy contributions arising from volume fluctuations. Due to the translational invariance of the full Hamiltonian, H 1 = H 1 ͓͑r ជ i , p ជ i ͔͒, and therefore also of H͑͒ at =1, the center of mass of the system is also coupled to an artificial harmonic oscillator to minimize fluctuations in H 1 − H 0 as approaches 1. The resulting free energies are then accordingly corrected using the known analytical result for the free energy of a harmonic oscillator to yield the total free energy of the defect. The origin of such fluctuations lies in the interstitial defect undergoing diffusion, where inspection of the 600 K atomic configurations derived from the Monte Carlo simulations reveals that the ͗110͘ dumbbell has moved to a rotated ͗110͘ dumbbell centered at a different site which is consistent with the diffusion mechanism of the nudged elastic band calculation of Fig. 2 . This occurs naturally in the full Hamiltonian of the system H 1 = H 1 ͓͑r ជ i , p ជ i ͔͒ while being entirely suppressed in the reference ͑harmonic͒
At values of close to unity, diffusion is therefore allowed resulting in large values of H 0 since the defect is far away from the Harmonic minimum. This is a fundamental limitation of the Frenkel-Ladd method.
Although diffusion is present in the 600 K simulations, the ͗110͘ dumbbell interstitial defect will spend most of its time in its ground-state configuration and the lack of convergence encountered in Fig. 1 can be remedied by standard cubic-spline extrapolation of ͗H 1 − H 0 ͘ to values of near 1. That diffusion occurs at 600 K is confirmed in Fig. 2 , which displays the minimum-energy migration pathway obtained via a nudged elastic band calculation 25 for the ͗110͘ dumbbell interstitial to "hop" a nearest-neighbor ͑NN͒ distance for all potentials. We see that the barrier heights of the considered potentials range from 0.25 to 0.4 eV-a migration energy barrier scale that will easily facilitate diffusion within the sampling size of the MC procedure used presently. The consequences of this and more generally of diffusion are very important when considering the free energy of a defect and will be discussed in more details in Sec. III. Figure 3 displays the harmonic, quasiharmonic, and total formation free energies as a function of temperature for the potentials considered. There are significant differences across the empirical potentials due first to the different zerotemperature formation energies ͑see Table I͒ and second to the different temperature dependencies of the free energy. The latter being particularly the case for MP-CS2 ͓Fig. 3͑b͔͒, where the harmonic and quasiharmonic formation free energies increase with increasing temperature. When comparing the harmonic, quasiharmonic, and total formation free energies for a given potential, we see that the harmonic values generally overestimate the free energy. For the MP-CS2 potential ͓Fig. 3͑b͔͒, the over estimation is considerable indicating its strongly anharmonic nature, whereas for the Mendelev ͓Fig. 3͑a͔͒ and MP-CS3 ͓Fig. 3͑c͔͒ potentials the anharmonic correction is relatively small and indeed negligible for the MP-CS3-30 potential.
B. Formation entropies
The temperature dependence of the vibrational free energy may be largely understood from knowledge of the vibrational entropy. Thermodynamically, entropy may be obtained from the free energy via
For a direct measure of the total formation entropy, the results contained within Fig. 3 are fitted to ⌬F͑T͒ = ⌬E 0 − ⌬S V T, where ⌬E 0 is the 0 K formation energy of the ͗110͘ dumbbell taken from Table I and ⌬S V is the formation entropy at fixed volume per atom. We note that the formation entropy of a defect structure is defined analogously to the formation free energy ͓Eq. ͑9͔͒. In columns one to four of Table II we show the results of this method applied to all three free-energy estimates. While absolute entropy can only be positive, the formation entropy of a defect can be negative and can simply indicate that the defect lowers the entropy relative to that of the surrounding lattice.
Within the harmonic and quasiharmonic approximations, the absolute global and local vibrational entropies may be easily obtained by explicitly differentiating Eqs. ͑4͒ and ͑5͒, respectively. Table II also lists for all potentials of the harmonic formation entropy at 300 K at fixed volume ͑⌬S 0 ͒, constant volume per atom ͑⌬S V ͒, and zero hydrostatic pressure ͑⌬S P ͒. For the case of fixed volume and constant volume interstitial structures, the reference is the equilibrium bcc lattice for the corresponding potential. Data from the literature are also shown, in particular, the constant pressure calculation of Marinica and Willaime 14 and a recent ab initio calculation of Lucas and Schaeublin. 16 Table II .
The trends seen in Fig. 4 as a function of volume can be largely understood by assuming that the difference between ⌬S V and ⌬S P arises from how the surrounding bcc lattice responds to the change in volume per atom. For an undistorted bcc lattice it can be shown that the change in entropy is given by
where ␣ is the constant pressure thermal volume expansion coefficient, B is the isobaric bulk modulus, and ⌬V is the corresponding change in volume. Assuming this expression, Fig. 5͑a͒ plots the derived thermal volume expansion coefficients for the potentials. Thus the anomalous volume per atom dependence seen for the Mendelev-2003 and MP-CS2 potentials may be understood through these potentials exhibiting a negative thermal expansion at T = 0. To assess the validity of Eq. ͑11͒, finite temperature and zero-hydrostatic pressure molecular dynamics simulations using the Parrinello-Rahman barostat method 24 are performed for the bcc lattice as a function of low temperature and the mean volume per atom measured. Figure 5͑b͒ plots this as a function of temperature for all the potentials and we see again ͑see Table I͒ that gradient of these curves at T = 0 and are displayed in Fig. 5͑a͒ demonstrating good agreement with those calculated through Eq. ͑11͒. Thus the volume dependence of the formation entropies is primarily due to the entropy change in the surrounding lattice, which can be reasonably well described by the thermal-expansion properties of the corresponding empirical potential via Eq. ͑11͒. On the other hand, as shall be demonstrated in the following paragraphs, the absolute value of the formation entropy appears to be more strongly controlled by the core properties of the interstitial which in turn depends sensitively on the shorter range ͑far from equilibrium͒ properties of the empirical potential. Figure 6 displays a 110 plane of atoms containing the interstitial defect in the center. Also shown are four off-plane atoms which are nearest neighbor to the two atoms of the split dumbbell-for location of the interstitial dumbbell and these off-plane atoms see the inset in Fig. 6͑a͒ . The simulation cell has a volume per atom equal to that of the corresponding 0 K bcc lattice. In Figs. 6͑a͒, 6͑c͒ , and 6͑e͒ the atoms are colored according to their hydrostatic pressure calculated using the virial expression 26 and we see that the local pressure signature of the interstitial is similar for all three potentials. We note that in all cases the atoms far from the interstitial core are close to zero pressure. This is typical when using atomic configurations that have a fixed volume per atom equal to that of the bulk. Figures 6͑b͒, 6͑d͒, and 6͑f͒ show the same atoms now colored according to their local harmonic entropies relative to the equilibrium bulk bcc in units of the Boltzmann constant calculated at 300 K. Unlike the pressure distribution, large differences in the local entropy signatures are seen at the core of the defect across all three potentials. We note that in Figs. 6͑b͒, 6͑d͒, and 6͑f͒ those atoms having entropy less than −0.2k B are all similarly colored dark blue and those having a value greater than 0. Figure 7 shows only the core interstitial atoms using the same viewing direction as in Fig. 6 , where now the atoms are colored according to their fractional local entropies in which TABLE II. Formation entropies in units of k B of the ͗110͘ interstitial dumbbell obtained by linear fitting to the free-energy curves of Fig. 3 and also via explicit calculation through Eqs. ͑4͒ and ͑9͒. For comparison, values are also shown from a similar calculation ͑Ref. 14͒ using the considered empirical potential ͑in parenthesis͒ and an ab initio result ͑Ref. 16͒. zero represents the minimum value and unity the maximum value of the core structure for the given potential. For the case of MP-CS2 ͓Fig. 7͑a͔͒ the two split dumbbell core atoms have the minimum ͑most negative at −1.2k B ͒ local relative entropy with the neighboring atom's entropies increasing to the maximum value. For MP-CS3-30 ͓Fig. 7͑c͔͒ a larger number of core atoms have a local entropy near the minimum value ͑most negative at −0.188k B ͒. On the other hand for the Mendelev-2003 potential ͓Fig. 7͑b͔͒ the split dumbbell pair of atoms has the maximum local entropy at 0.28k B . Thus in terms of the local entropy signature the three investigated potentials give widely different signatures corresponding to differing total formation entropies ͑Fig. 4͒ and thus differing temperature-dependent formation free energies.
IV. DISCUSSION AND CONCLUDING REMARKS
When considering the applicability of the presented freeenergy calculations a number of factors must be considered that are specific to bcc Fe. In particular, ferromagnetism stabilizes the Fe bcc phase at low temperatures and with rising temperature, spin fluctuations play an increasingly important role in material bonding leading to the ␣-bcc to ␥-fcc phase transition at ϳ1000 K. 27 Such magnetic spin fluctuations will contribute in two ways that have not been included in the current calculation. First, spin fluctuations will directly affect the interatomic bonding giving an explicit and strong temperature dependence of related material properties. 28, 29 For example, the elastic stiffness constants of bcc Fe are known to change significantly as the temperature approaches the Curie temperature, 30, 31 resulting in a strong increase in the elastic anisotropy due to the ͗110͘ shear modulus decreasing finally to zero at the ␣-bcc to ␥-fcc phase transition. Recently this aspect has been used to explain the energetics of ͗100͘ and ͗111͘ prismatic dislocation loops in bcc Fe as a function of temperature, 32 where the anisotropic elastic energy of the former scales as a square root of the 110 shear modulus. It is therefore expected that such a change in the ͗110͘ shear modulus will also strongly affect the elastic field around the ͗110͘ dumbbell interstitial leading to a nonnegligible temperature dependence of the defect's formation energy. Inspection of the temperature dependence of the elastic stiffness constants reveals significant changes that have already occurred at approximately 600-700 K, 31 and since current empirical potentials are all fitted to either 0 K or low temperature experimental elastic constants this sets an upper temperature limit to the applicability of the present results. We note that this limitation does not only apply to the present calculations but all atomistic calculations that employ empirical potentials to study the high-temperature behavior of defect structures within bcc Fe. A second aspect is the entropic contribution due to the additional degrees of freedom associated with the spin fluctuations, which must also be added to the free energy. The recent development of a spin lattice dynamics simulation technique for bcc Fe that converges to the MP formalism at 0 K ͑Ref. 33͒ offers a promising method to address this aspect and to ascertain the quantitative contribution of spin fluctuations to the formation entropy and free energy of a defect.
As with all such classical molecular dynamics or Monte Carlo simulations there also exists a lower temperature range below which quantum effects begin to dominate. A general rule is that such simulations should not be performed at temperatures approximately one third below the Debye tempera- ture of the material; a regime where the Bose-Einstein distribution of phonon energies begin to strongly manifest itself. For bcc Fe the Debye temperature is ϳ470 K and thus classical molecular dynamical simulations should not be performed at temperatures lower than ϳ150 K. Such quantum effects can be addressed within the harmonic approximation by replacing the Maxwell-Boltzmann distribution used in Eqs. ͑4͒ and ͑5͒ with the Bose-Einstein distribution; however for dynamical calculations, no computationally efficient method suitable for large atomic configurations is available.
Thus if one does not consider the entropy due to spin fluctuations, the applicable range of the present free-energy calculations is between ϳ150 and ϳ700 K, which is at the lower temperature end of the range of temperatures where ferritic and ferritic martensitic steels are expected to be used in fission and fusion applications.
The total free-energy calculations also reveal the onset of diffusion at temperatures above ϳ500 K. Diffusion of the ͗110͘ dumbbell interstitial at these higher temperatures remains a rare event, in the sense that the defect has time to equilibrate before its next lattice "hop," and thus it becomes valid to decouple entropy contributions into a vibrational term and a lattice configuration term as has been done here and in previous works. Such a separation is however not justified for the higher energy ͗111͘ interstitial defect structure which is inherently unstable in bcc Fe for all temperatures. Moreover in nonmagnetic bcc transition metals, where it is the ͗111͘ interstitial defect that is the lowest energy structure, the defect is inherently mobile at all temperatures with a migration barrier in the sub 100 meV energy range. 3, 19, 34, 35 Thus diffusion cannot be considered as a sequence of rare events and the 0 K relaxed structure and its vibrational frequency spectrum will give little insight into the thermal excitations of the mobile defect. It is for these reasons that the present work does not consider the harmonic properties of the ͗111͘ interstitial, despite the harmonic approximation being adequate for the ͗110͘ interstitial for some empirical potentials. Past work that compares the harmonic free energies of the ͗110͘ and ͗111͘ defects as a function of temperature in Fe, and in particular, a crossover of stability at higher temperatures, should therefore be treated with care.
The present work has been performed using five modern empirical potentials which demonstrate quite different defect entropy core signatures with the greatest difference originating from the MP-CS2 potential. Although it is difficult to rationalize the present results in terms of general features of these empirical potentials, recent work 20 has shown that the MP-CS2 potential is wrongly and strongly anharmonic as evidenced in Fig. 3͑b͒ . It was found that the third-order elastic constants of MP-CS2 are large and in some cases of the incorrect sign when compared to experiment. similar analysis has demonstrated the third-order elastic constants to be smaller and generally of the correct sign. This is a somewhat reasonable conclusion since how the lattice immediately surrounding the defect deforms ͑nonlinearly͒ will be controlled by such higher-order moduli. This aspect should be considered when developing new semiempirical potentials.
In conclusion, the harmonic and anharmonic contributions to the free energy of the ͗110͘ interstitial dumbbell have been calculated using the thermodynamic integration method. The present work shows for the Mendelev potentials 4,5 and a class of developed magnetic potentials 20 fitted to the third-order elastic stiffness constants that the harmonic approximation to the free energy works relatively well since these potentials are not strongly anharmonic. This is an encouraging result since it justifies, when diffusion is absent or minimal, the often used harmonic approximation approach of diagonalizing the force matrix of a relaxed defect structure to obtain its vibrational properties. In fact the harmonic approximation to the vibrational free energy and entropy can be routinely used for large defect structures such as interstitial clusters, dislocations, dislocation loops, and grain boundaries, whereas the thermodynamic integration calculation of the free energy and entropy is a computationally intensive procedure restricted to temperatures above the Debye value, where the classical Maxwell-Boltzmann distribution of vibrational excitations is justified. It however must be remembered that, unique to bcc Fe, there also exists a contribution to the free energy due to the degrees of freedom associated with spin fluctuations at finite temperature and that these must also be taken into account when conclusions are made about defect structure stability-particularly at the higher temperature range. 
APPENDIX: THE MAGNETIC POTENTIAL
The magnetic potential 6, 7 is an interatomic potential for bcc Fe based on the Stoner model of ferromagnetism within the second-moment approximation to the electronic density of states. The energy for a given configuration of N atoms is of the EAM form where V͑r͒ is a repulsive pair potential and
is the local electronic density on atom i. In Eq. ͑A1͒, the embedding energy is given by The parametrizations MP-CS3-00 and MP-CS3-30 used in the present work constitute the partial results of a fitting attempt 20 of the MP formalism ͓Eqs. ͑A1͒-͑A3͔͒ to a wider range of bcc Fe experimental and ab initio data including third-order elastic constants, the nondegenerate core structure of a 1 2 ͗111͘ perfect screw dislocation via the fitting to a multistring Frenkel-Kontrova model of the screw dislocation. 37 To include continuity of the radial functions to the fourth derivative the radial functions V͑r͒ and f͑r͒ are represented by fifth-order knot functions modulated by an exponential Here the positions of the knot functions r n V and r n f , their coefficients V n and f n , and V and f values become fitting parameters of the optimization. For completeness of the present work we present the parametrizations for MP-CS3-00 and MP-CS3-30 in Table III . The bulk equilibrium properties to which these potentials have been fitted to are contained in Ref. 7-importantly, the equilibrium bcc lattice constant for MP-CS3-00 is 2.867 696 Å and for MP-CS3-30 it is 2.8665 Å. The broad fitting approach and the specific defect database of material properties and how they have been weighted during the fit will be presented in Ref. 20 .
